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Abstract
We investigate the symmetry structure of inflation in 2+1 dimensions. In particular, we show
that the asymptotic symmetries of three-dimensional de Sitter space are in one-to-one correspon-
dence with cosmological adiabatic modes for the curvature perturbation. In 2+1 dimensions,
the asymptotic symmetry algebra is infinite-dimensional, given by two copies of the Virasoro
algebra, and can be traced to the conformal symmetries of the two-dimensional spatial slices
of de Sitter. We study the consequences of this infinite-dimensional symmetry for inflationary
correlation functions, finding new soft theorems that hold only in 2+1 dimensions. Expanding
the correlation functions as a power series in the soft momentum q, these relations constrain the
traceless part of the tensorial coefficient at each order in q in terms of a lower-point function.
As a check, we verify that the O(q2) identity is satisfied by inflationary correlation functions in
the limit of small sound speed.
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1 Introduction
As we learn from A Square [1], things are often simpler in lower-dimensional settings. For instance,
gravity in 2+1 dimensions is far simpler than gravity in our world, primarily because it has no local
degrees of freedom [2]. However it is not completely trivial because there can still be global and
boundary degrees of freedom, leading to nontrivial solutions, e.g., the BTZ black hole [3, 4]. This
makes 2+1 dimensions a nice testing ground, in which we have gained a variety of insights into the
nature of gravitational physics (for a review, see [5]).
We are therefore motivated to investigate the (2+1)-dimensional version of cosmological inflation.
Just as with pure gravity, the dynamics of inflation is much simpler in three dimensions.1 Because
there are no gravitational waves, the only propagating degrees of freedom are the inflaton, plus any
spectator fields that may be present.
It has recently become clear that viewing inflation as a process of spontaneous symmetry breaking
is a powerful approach. This is exemplified by the effective field theory of inflation [11, 12], in which
inflation is seen as a spontaneous breaking of time diffeomorphism invariance. It is also useful
to think of gauge-fixed inflation as a process of global symmetry breaking, where the curvature
perturbation, ζ, is the corresponding Nambu–Goldstone mode [13–15]. The nonlinearly realized
symmetries of inflation then lead to Maldacena’s consistency relation [16, 17] as a Ward identity [15,
18–20]. Including tensor perturbations, one finds an infinite set of soft theorems as Ward identities
of an infinite number of non-linearly realized global symmetries [18]. These identities are the
cosmological analogue of Adler’s zero for soft pions [21]. The consistency relations have been
generalized and extended in many directions: for example, they have been derived from CFT
arguments [22–24], from the underlying diffeomorphism invariance [25–31], extended to multiple
soft momenta [32, 33], and generalized to large scale structure [34–41].
At their core, the single field soft theorems follow from the fact that ζ-gauge does not fully
fix the diffeomorphism symmetry of Einstein gravity. Rather, there remain residual large gauge
transformations – corresponding to conformal transformations of the spatial R3 slices – under
which ζ shifts nonlinearly. In (2 + 1)-dimensional inflation, the relevant group of symmetries is
the conformal group of R2. This group is infinite-dimensional – it is the Virasoro group familiar
from two dimensional conformal field theory – and correspondingly there is an infinite number of
symmetries of ζ.2 One of our goals is to elucidate the nature of these symmetries and investigate
how they act on fields during inflation.
1Some work has been done on lower-dimensional inflation in the past: [6, 7] considered the dynamics of eternal
inflation and the properties of perturbations in (1 + 1)-dimensional inflation. The question of starting inflation and
some aspects of perturbations in 2+1 dimensions were explored in [8, 9]. In [10], the authors considered aspects of the
effective theory of holographic renormalization of 2-dimensional field theories, which is related to three-dimensional
inflation by analytic continuation.
2In fact, in higher dimensions there is already an infinite number of residual large gauge transformation symmetries
once one includes tensor modes and allows them to transform as well [14, 18, 42]. The difference in this case is that
there is an infinite number of scalar symmetries.
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Parallel to the investigation of soft limits in cosmology, there has been much recent interest in
connecting soft theorems of quantum field theory on flat space to asymptotic symmetries (e.g., [43–
46]). For example, Weinberg’s soft graviton theorem [47] can be thought of as a consequence of
the Bondi–van der Burg–Metzner–Sachs (usually called BMS) [48, 49] invariance of gravitational
scattering [50, 51]. It seems natural that these two approaches should be closely connected. This
connection has been made in one direction by [52], who showed that the flat space identities for
a U(1) gauge theory can be derived from a generalization of Weinberg’s construction of adiabatic
modes in cosmology [53], and [54], who considered the cosmological analogue of the BMS group.
Here we wish to further explore this connection in cosmology. We show that adiabatic modes are
in one-to-one correspondence with the asymptotic symmetries of dS3, so that either can be derived
from the other. Our hope is that this will give some insight into extending this connection to
cosmology in higher dimensions [31].
Three dimensional de Sitter space has an infinite-dimensional asymptotic symmetry group [55, 56].
This can be thought of as a manifestation of the putative dS/CFT correspondence [56], where theo-
ries on dS3 have dual descriptions in terms of a 2d CFT, with corresponding Virasoro symmetry. In
Sec. 2 we review the derivation of the asymptotic symmetry transformations of dS3 and how they
close to form two copies of the Virasoro algebra. We then derive how these symmetries act on the
curvature perturbation, ζ. As anticipated, on the future boundary asymptotic symmetry transfor-
mations act as conformal transformations of R2. In Sec. 3 we derive the same transformations for
ζ by applying Weinberg’s adiabatic mode construction to find residual large gauge transformations
which may be smoothly connected to a physical solution. We find that the adiabatic modes for ζ
specialized to de Sitter space reproduce precisely the asymptotic symmetry transformations with
Brown–Henneaux boundary conditions.
Recall that in 3+1 dimensions the non-linearly realized symmetries, the dilation and special
conformal transformations on R3, induce respectively a constant and linear gradient profile for ζ.
In 2+1 dimensions, the additional Virasoro symmetries can induce profiles to all orders in the
coordinates. Specifically, at each order in n, the holomorphic and anti-holomorphic symmetry
generators can be arranged into a symmetric, traceless n-index tensor, which acts on ζ as
δi1···inζ ∝ x(i1 · · · xin)T + . . . , (1.1)
where x(i1 · · · xin)T denotes the fully symmetric and traceless combination. These transformations
are reminiscent of the tensor symmetries in 3+1 dimensions [18].
In Sec. 4 we derive the Ward identities associated to these symmetries. In momentum space
they relate the symmetric, traceless part of the correlation function at each order qn in the soft
momentum to a symmetry transformation on a lower-point function without the soft mode. We
then go on to check some of these identities involving the 3-point function in Sec. 5. Computing
the squeezed limit of the 3-point function analytically in odd space-time dimensions is somewhat
tricky, because the mode functions are Hankel functions of integer order. Instead we calculate the
squeezed limit in arbitrary even dimensions and continue the expression to D = 3. This requires
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constructing the EFT of inflation in arbitrary dimension and computing its quadratic and cubic
action. We comment on future directions in Sec. 6. Some technical appendices collect useful results.
Conventions: We use the mostly-plus metric signature. We use D to represent the space-time
dimension and d to represent the spatial dimension, hence D = d + 1. In many cases it will be
useful to work in terms of the complex coordinates z = x + iy and z¯ = x − iy. Derivatives with
respect to these coordinates are denoted by ∂ and ∂¯. See Appendix A for more details.
2 Asymptotic symmetries of dS3
We begin by reviewing the structure of the asymptotic symmetry algebra in three-dimensional de
Sitter space. Our approach follows that of [57], which adapted the seminal analysis of Brown and
Henneaux [55] to the dS3 case.
We work in the planar slicing of de Sitter, using complex coordinates for the spatial slices and
conformal time. The line element takes the form
ds2 =
1
H2η2
(−dη2 + dzdz¯) , η ∈ (−∞, 0) , (2.1)
where the future boundary is at η = 0.
We search for diffeomorphisms that preserve the η → 0 asymptotic structure of the metric as-
sociated to (2.1). In order to do this, we have to specify some fall-off conditions that define what
it means to preserve the asymptotics. In general, different choices of fall-off conditions will lead
to different asymptotic symmetry algebras, and the choice of fall-off conditions is part of the data
specifying the theory.3 The conditions we demand are the analytic continuation of the Brown–
Henneaux conditions [55]
gηη = − 1
H2η2
+O(1) ; gzz = gz¯z¯ = O(1) ;
gzz¯ =
1
2H2η2
+O(1) ; gηz = gηz¯ = O(1) . (2.2)
These fall-off conditions can be motivated by demanding that the charges associated to the Brown–
York stress tensor [58] be finite and non-zero [59].
A general diffeomorphism acts on the metric via the Lie derivative: δgµν = £ξgµν = ξ
α∂αgµν +
gαµ∂νξ
α+gαν∂µξ
α. The vector fields which preserve the asymptotic conditions (2.2) can be parame-
terized in terms of two independent functions, one holomorphic U(z) and one anti-holomorphic U¯(z¯).
The most general vector field which preserves the asymptotic structure of dS3 can be written as a
3Choosing fall-off conditions is somewhat of an art: the goal is to choose sufficiently restrictive conditions such
that only a subset of diffeomorphisms are allowed, but grant enough freedom for there to be interesting structure to
the surviving transformations.
4
linear combination of
ξ =
η
2
∂U(z)∂η + U(z)∂ +
η2
2
∂2U(z)∂¯ ;
ξ¯ =
η
2
∂¯U¯(z¯)∂η +
η2
2
∂¯2U¯(z¯)∂ + U¯(z¯)∂¯ . (2.3)
We expand the functions
U(z) = −
∑
n
anz
n+1, U¯(z¯) = −
∑
n
a¯nz¯
n+1 , (2.4)
and consider each of the modes so that the vectors which generate the asymptotic symmetries are
given by ξ =
∑
n anℓn, ξ¯ =
∑
n a¯nℓ¯n, with
ℓn = −(n+ 1)
2
znη∂η − zn+1∂ − η
2
2
n(n+ 1)zn−1∂¯ ;
ℓ¯n = −(n+ 1)
2
z¯nη∂η − η
2
2
n(n+ 1)z¯n−1∂ − z¯n+1∂¯ . (2.5)
We will restrict our attention to the symmetries with n ≥ −1, as these are the transformations
which induce nonsingular profiles for the boundary stress tensor. The Lie bracket between two of
these transformations is given by
[ℓn, ℓm] = (n−m)ℓn+m ; [ℓ¯n, ℓ¯m] = (n−m)ℓ¯n+m . (2.6)
Thus we see that the algebra of asymptotically Killing vectors is two copies of the Witt algebra. If
these symmetries are realized canonically, with charges Ln and L¯n corresponding to the symmetries
generated by ℓn and ℓ¯n, the Poisson bracket between charges develops a central extension. The
asymptotic symmetry algebra then becomes two copies of the Virasoro algebra [55]
[Ln, Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0 ;
[L¯n, L¯m] = (n−m)L¯n+m + c¯
12
n(n2 − 1)δn+m,0 . (2.7)
The central charges c and c¯ can be extracted from the transformation properties of the boundary
stress tensor, following [60]. A diffeomorphism corresponding to the vector (2.3) shifts the line
element (2.1) as follows
ds2 =
1
H2η2
(−dη2 + dzdz¯)+ 1
2H2
∂3U(z)dz2 +
1
2H2
∂¯3U¯(z¯)dz¯2 . (2.8)
This corresponds to a shift of the Brown–York stress tensor of pure dS3 by
4
δUT (z) = − 1
8GH
∂3U ; δU¯ T¯ (z¯) = −
1
8GH
∂¯3U¯ . (2.9)
4Note that the boundary stress tensor for a deformation of dS3 of the form ds
2 = 1
H2η2
(−dη2+dzdz¯+hijdz
idzj),
with h transverse and traceless, is given by the leading piece of hij near the boundary Tij = −
1
4GHη2
hij
∣∣
η→0
[61, 62].
5
Using the CFT transformation rule for the stress tensor [63]
δUT = U∂T + 2T∂U +
c
12
∂3U ; δU¯ T¯ = U¯ ∂¯T¯ + 2T¯ ∂¯U¯ +
c¯
12
∂¯3U¯ , (2.10)
and the fact that the stress tensor for pure dS3 vanishes, this implies that the central charges are
given by [62, 64]5
c = c¯ = − 3
2GH
. (2.11)
The central charge will not play a major role in what follows, as we will need only the classical
action of the asymptotic symmetries.
Our primary interest lies in understanding how these asymptotic symmetries act on the infla-
tionary curvature perturbation ζ. This variable is defined by the gauge choice where the scalar
fluctuations are set to zero, δφ = 0, and the spatial line element takes the form6
hijdz
idzj = a2(η)e2ζ(η,z,z¯)dzdz¯ . (2.12)
Thus ζ may be thought of as the Nambu–Goldstone boson corresponding to the spontaneously
broken dS isometries during inflation [13, 14]. In order to derive the transformation rule for ζ,
consider a generalization of the metric (2.1) which induces a perturbed boundary metric (this is
essentially the ζ-gauge metric)
ds2 =
1
H2η2
(
−dη2 + e2ζ(η,z,z¯)dzdz¯
)
. (2.13)
The metric (2.13) is not of the form (2.8) but can be put in this form if ζ = ζ(z) is a function of
z alone. This is accomplished by first rescaling the time coordinate as η 7→ eζη, followed by the
coordinate shift z¯ 7→ z¯ + η2∂ζ, after which the line element is given by
ds2 =
1
H2η2
(−dη2 + dzdz¯)+ 1
2H2
(
2∂2ζ − 2(∂ζ)2) dz2 . (2.14)
This metric is clearly of the form (2.8), and in fact solves the Einstein’s equations everywhere [65].7
Furthermore, we can induce this metric via an asymptotic symmetry transformation by matching8
2∂2ζ − 2(∂ζ)2 = ∂3U(z) . (2.15)
5Actually, there is a factor of i due to the modes of the stress tensor being iLn rather than Ln, so that the central
charge is imaginary. See [62].
6For now the presence of the lapse and shift variables in the ADM parameterization is not important, but will
play an important role in Section 3.
7Although we are working in the context of Einstein gravity throughout most of our discussion, the kinematic
considerations of this Section actually rely only upon the asymptotic structure of the metric. Even in non-Einsteinian
gravity theories, so long as they are fundamentally diffeomorphism invariant and possess asymptotically (A)dS so-
lutions, the asymptotic symmetries will map solutions to solutions and all of our arguments should go through.
Subleading terms in η of (2.8) will likely be theory-dependent, however.
8Note that the induced combination −∂2ζ+(∂ζ)2 = Rzz is the zz component of the Ricci tensor of the 2d surface
at the future boundary.
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If we then consider doing another asymptotic symmetry transformation on (2.14), in order to
reproduce the transformation rule (2.10), ζ must transform as
δU ζ =
1
2
∂U + U∂ζ . (2.16)
As before, we can expand U(z) = −∑n anzn+1, which leads to the transformation rule for ζ (2.17)
δnζ = −1
2
(n+ 1)zn − zn+1∂ζ , (2.17)
and similarly for the barred transformations coming from the U¯(z¯) symmetries.
Matching at linear order in ζ, from (2.15) we see that an asymptotic symmetry transformation
ℓn induces a long-wavelength ζ profile of the form ζ ∼ zn. This is the natural generalization of
the conformal transformations in higher dimensions, which can induce a constant or linear profile
for ζ [13, 14], corresponding to our n = 0, 1 symmetries. Thus in 2+1 dimensions we can induce a
profile to arbitrary order n.
This situation is somewhat analogous to spontaneous symmetry breaking. Transformation by an
asymptotic symmetry maps the space-time to a different configuration, one which differs precisely
by a soft ζ mode. Note that the asymptotic symmetries map solutions to the gravitational equations
to other solutions with physical soft modes, which is precisely what the adiabatic mode construction
achieves. Indeed, we will find that the constructions are actually equivalent.
It is worthwhile to make the connection between the symmetries in complex coordinates, (z, z¯)
and the more familiar Cartesian coordinates (x, y). The linear combinations δ−1± δ¯−1 are related to
translations of the Cartesian coordinates, while δ0− δ¯0 corresponds to a 2d rotation. Furthermore,
δ0 + δ¯0 generates a 2d dilation, while δ1± δ¯1 generate 2d special conformal transformations. These
last 3 symmetries are all realized nonlinearly on ζ. All of these symmetries are familiar from
the higher-dimensional case, where they act on ζ in a similar way. The first new symmetries
are generated by δ2, δ¯2; these can be combined in Cartesian coordinates into a rank-2 symmetric
traceless tensor generator, which acts on ζ as
δijζ = x
(ixj)T +
2
3
x(ixj)Txk∂kζ − 1
3
~x2x(i∂j)Tζ . (2.18)
The transformation of ζ corresponds to a nonlinear shift by a traceless combination of the coor-
dinates plus a piece linear in the field ζ. The nonlinear shift δijζ ∝ x(ixj)T is a spatial version of
the enhanced symmetry of the special galileon [66], just as the nonlinear shift δiζ ∝ xi is a spatial
version of the extended shift symmetry of the generic galileon [67]. The pattern continues for all
the higher symmetries: at each order in n, the symmetry generators δn and δ¯n can be arranged
into a symmetric, traceless n-index tensor, which acts on ζ as9
δi1···inζ = x
(i1 · · · xin)T + 2
n+ 1
x(i1 · · · xin)Txk∂kζ − 1
n+ 1
~x2x(i1 · · · xin−1∂in)Tζ . (2.21)
9The conformal Killing vectors which generate these symmetries are of the form
ξi =
∞∑
n=−1
1
(n+ 2)!
Mij1 ···jn+1x
j1 · · · xjn+1 , (2.19)
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The form of these symmetries is quite similar to the infinite family of symmetries of (3 + 1)-
dimensional inflation uncovered in [18]. Furthermore, the nonlinear shift δi1···inζ ∝ x(i1 · · · xin)T is
a spatial version of the extended shift symmetries of higher order galileons [68, 69].
3 Adiabatic modes and asymptotic symmetries
The approach we have taken in Sec. 2 is somewhat unconventional from the point of view of
cosmology. In the cosmological context, to deduce the nonlinear transformation of ζ one typically
looks for residual large gauge transformations which can be smoothly extended to physical solutions
– so-called adiabatic modes [53]. In this Section we show that these two viewpoints are in fact
equivalent. We will see explicitly that the asymptotic symmetry transformations are precisely the
adiabatic modes of ζ in asymptotically de Sitter space.
Recall that the variable ζ is defined by the gauge choice δφ = 0 along with the spatial metric
being of the form
hij = e
2ζ (eγ)ij , (3.1)
with γij transverse and traceless: ∂iγ
i
j = γ
i
i = 0.
10 We search for residual diffeomorphisms that
preserve this gauge. Clearly these must be spatial diffeomorphisms, since a temporal diffeomorphism
would move us away from δφ = 0. Furthermore, for spatial diffeomorphisms that go to zero at
spatial infinity, there is no additional freedom, but if we relax this requirement, we will find a set
of nontrivial transformations.
We want to identify transformation rules for ζ, γ such that they can absorb the effect of a large
diffeomorphism
δ
(
e2ζ (eγ)ij
)
= £ξ
(
e2ζ (eγ)ij
)
. (3.2)
We can formally solve this equation order by order in γ
ξi = ξ
(0)
i + ξ
(1)
i + . . .
δζ = δζ(0) + δζ(1) + . . .
δγij = δγ
(0)
ij + δγ
(1)
ij + . . . (3.3)
However, the terms in the above that depend explicitly on γ (i.e., the first- and higher-order terms)
will vanish because the γij’s appearing in these terms are required to go to zero at infinity, and
where the coefficient tensors Mij1···jn+1 are symmetric and traceless in their last n+1 indices and satisfy the relation
M(ij1)j2···jn+1 =
1
2
δij1M
k
kj2···jn+1
. (2.20)
10Note that there do not exist any transverse-traceless tensors which asymptote to zero at infinity in (2 + 1)-
dimensions. However, we formally allow for the presence of graviton perturbations to account for the possibility that
a profile is generated by the symmetries which does not fall off at infinity.
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thus vanish in (2+1)-dimensions. The lowest order pieces (independent of the tensors) do not need
to vanish, allowing for the possibility that a non-linear tensor profile is generated.
We therefore only need to work to lowest order in the tensors, henceforth we will drop the
superscripts with this understanding. Equation (3.2) leads to
2δζgij + δγij = 2ξk∂
kζgij + ∂iξj + ∂jξi. (3.4)
The nonlinear shift of the tensor modes must be traceless, so we can trace over both sides to obtain
the transformation rule for ζ,
δζ =
1
2
∂iξ
i + ξi∂iζ . (3.5)
Substituting back into (3.4), we find the nonlinear shift of the tensor modes:
δγij = ∂iξj + ∂jξi − ∂kξkgij . (3.6)
We must also impose the condition that δγij be transverse, which constrains the gauge parameter
to be harmonic
∂∂¯ξi = 0 . (3.7)
This implies that we can write the components of ξi as the sum of (possibly time-dependent)
holomorphic and anti-holomorphic functions:
ξi = f i(z, η) + g¯i(z¯, η) . (3.8)
Though the diffeomorphisms (3.8) preserve ζ-gauge, in general they will not preserve the spatial
initial value constraints of Einstein gravity. If we want the transformations to represent physical
symmetries, we must check that they solve the equations of motion at finite momentum k [13, 14, 53].
That is, we want to check that the profiles induced by the symmetries above arise as the k → 0 limit
of physical modes which solve the constraint equations. This will constrain the time dependence
of ξi.
The momentum and Hamiltonian constraints of General Relativity plus a scalar field can be solved
at first order in the perturbations for the lapse function and the shift vector (see Appendix B)
N (1) =
ζ ′
aH
; N
(1)
i = −
1
H
∂iζ +
aǫ
4c2s
∂iζ
′
∂∂¯
. (3.9)
For the transformations (2.17) to be so-called adiabatic modes, they must preserve (3.9).
The solutions to the constraints (3.9) are linear in ζ, so we must only consider the non-linear field
transformations. Under a spatial diffeomorphism, the fields transform as [14]
δζ =
1
2
∂iξ
i =
1
2
(
∂ξz + ∂¯ξz¯
)
,
δN i =
1
a
ξ′i , (3.10)
δN = 0 .
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Inserting the lapse and shift transformation rules into (3.9) implies the following two equations
d
dη
(
∂ξz + ∂¯ξz¯
)
= 0 , (3.11)
ξ′i = − a
2H
gik∂k
(
∂ξz + ∂¯ξz¯
)
, (3.12)
along with the constraint that ξi is harmonic. Here gij is the spatial metric corresponding to the
line element (2.1).
In order to solve these equations, we first decompose the diffeomorphism parameter as
ξi = ξi0 + ξ
i
T where ∂iξ
i
T = ∂ξ
z
T + ∂¯ξ
z¯
T = 0 . (3.13)
This split is not unique, but can always be done. Equation (3.11) implies that ξi0 is time-
independent, so the time dependence of ξ is purely in the transverse part. Inserting this de-
composition into (3.12) yields the following equations for the time-dependent pieces:
ξ′T
z = − 1
aH
∂¯2ξz¯0 , (3.14)
ξ′T
z¯ = − 1
aH
∂2ξz0 . (3.15)
Since ξz0 and ξ
z¯
0 are independent, let’s first set ξ
z¯
0 = 0 and consider ξ
z
0 which we can write as
ξz0 = f
z
0 (z) + g¯
z
0(z¯) ; (3.16)
For the time being, we will set g¯z0(z¯) = 0, but will return to this point shortly. Our choice of f
z
0 (z)
fixes the time dependence of ξ′T
z¯ to be
ξ′T
z¯ = f ′z¯(z, η) + g¯′z¯(z¯, η) = − 1
aH
∂2f z0 (z) . (3.17)
The right hand side of (3.17) is a function only of z, which implies that g¯′z¯(z¯, η) = 0, thus we are
left with
f ′z¯(z, η) = − 1
aH
∂2f z0 (z) . (3.18)
We can now expand f z0 in a Laurent series f
z
0 (z) = −
∑
n anz
n+1. Inserting this into (3.12) yields
the equations for each mode n
ξ′zT = 0 ; ξ
′z¯
T =
n(n+ 1)
aH
zn−1 . (3.19)
These equations imply that the z component of ξ remains time-independent, while the z¯ component
acquires a time-dependent contribution:
ξz(z, η) = −zn+1 , ξz¯(z, η) = −n(n+ 1)zn−1
∫ 0
η
dη′
aH
. (3.20)
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We therefore see that we are required to add a time-dependent ξz¯ component in order for the
ξz transformation (which generates a conformal transformation of a spatial slice) to represent an
adiabatic mode. Note that this time-dependence precisely matches that of the asymptotic symme-
tries when specialized to de Sitter backgrounds. Indeed, taking the de Sitter limit of (3.20), we
can perform the integral, where we find ξz¯T (z, η) = −η
2n(n+1)
2 z
n−1, which agrees exactly with (2.5).
On the other hand, at this order the adiabatic mode construction does not reproduce the temporal
component of (2.5). This can be understood because ζ becomes time-independent in the k → 0
limit.
We could have considered instead a nonzero ξz¯0 , which would lead to an independent set of anti-
holomorphic adiabatic modes. These result in a time-dependent ξz component, whose form can
also be obtained simply by conjugating the holomorphic modes.
Finally, we would like to return to the case where we take ξz0 to be purely a function of z¯, and ξ
z¯
0
to be purely a function of z:
ξz0 = g¯
z
0(z¯) , ξ
z¯
0 = f
z¯
0 (z) . (3.21)
This transformation is both time-independent and transverse, meaning that it does not acquire a
time-dependent contribution from (3.12). These transformations are the analogue of the “tensor
symmetries” of [18]. Indeed, it is straightforward to see that these transformations induce purely
a nonlinear shift of the tensor modes, corresponding to an anisotropic rescaling.
This construction demonstrates that (at least in the 3-dimensional case) asymptotic symmetries
and (scalar) adiabatic modes are two sides of the same coin. Either can be derived from the other.
A similar viewpoint was espoused for QED in [52]. It is somewhat interesting that in addition to the
scalar adiabatic modes, which capture the asymptotic symmetries, the set of adiabatic modes also
contains a set of transformations which induce purely anisotropic profiles. These transformations
do not decay sufficiently quickly at infinity to fall within the class of asymptotic symmetries, but
rather lead to an anisotropic boundary metric. This seems to be quite closely related to the fall-off
conditions considered in [70–72]. It would be interesting to understand this connection further.
4 Ward identities
In this Section we derive the Ward identities associated with the asymptotic symmetries (or, equiv-
alently, the adiabatic modes). To simplify the discussion, we only give the detailed derivation for
the holomorphic symmetries and state the results for anti-holomorphic symmetries. The combined
transformation of ζ under the asymptotic symmetries is
δnζ = −1
2
(n+ 1)zn − zn+1∂ζ − n(n+ 1)
∫ 0
η
dη′
aH
zn−1∂¯ζ ;
δ¯nζ = −1
2
(n+ 1)z¯n − z¯n+1∂¯ζ − n(n+ 1)
∫ 0
η
dη′
aH
z¯n−1∂ζ . (4.1)
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These consist of a nonlinear shift, a time-independent linear piece, and a time-dependent linear
piece. Each of these symmetries implies a Ward identity for correlation functions. Since these
symmetries are non-linearly realized, they lead to soft theorems relating correlation functions with
a soft ζ insertion to lower-point functions without the soft mode.
We derive these identities following the operator formalism of [18, 30]. The transformations (4.1)
are generated by the charges
Qn =
1
2
∫
dzdz¯ {Πζ , δnζ} , (4.2)
where Πζ = δL/δζ˙ is the canonical momentum conjugate to ζ. Similarly for Q¯n. In the quantum
theory, the Qn’s generate field transformations in the usual way as [Qn, ζ] = −iδnζ. Given that
these charges correspond to nonlinearly realized symmetries, formally they diverge. We will regulate
this divergence by viewing the charge as the zero momentum limit of the charge in Fourier space.11
Physically this leads to soft theorems for ζ. The only part of the charge for which we will need an
explicit expression is the piece Qn that generates the nonlinear transformation of ζ, which is given
by
Qn = lim
q,q¯→0
−(−2i)n (n+ 1)
2
∂n
∂q¯n
Π˜ζ(q, q¯) , (4.3)
where Π˜ζ is the Fourier transform of the canonical momentum Π. This piece of the charge, Qn, is
clearly time-independent. (The time-dependent part of the symmetry is linear in ζ.)
We now wish to compute the in-in matrix element
〈Ω|[Qn,O]|Ω〉 = −i〈Ω|δnO|Ω〉 , (4.4)
where the operator O is an arbitrary product of N ζ’s with momenta kia, a = 1, . . . , N . To compute
the left-hand side of (4.4), we require the action of the charge on the interacting vacuum12
Qn|Ω〉 = lim
q,q¯→0
(−2i)n+1 (n+ 1)
4
∂n
∂q¯n
(
ζq,q¯
2Pζ(q, q¯)
)
|Ω〉 . (4.5)
Using this, we can obtain for the left-hand side of (4.4):
〈Ω|[Qn,O]|Ω〉 = lim
q,q¯→0
−(−2i)n+1 (n+ 1)
4
∂n
∂q¯n
( 〈ζq,q¯O〉
Pζ(q, q¯)
)
. (4.6)
In comparison, the right hand side of (4.4) is easier to compute. The variation δnO has two com-
ponents: the nonlinear shift, and the linear piece. The nonlinear piece contributes a disconnected
11Our conventions for Fourier transforms in terms of complex coordinates are given in Appendix A.
12In deriving this, we have glossed over many technical subtleties (see [18, 30] for a full discussion). The salient points
are that we can relate the interacting vacuum to the free vacuum via time evolution: |Ω〉 = U†(−∞, η)U0(−∞, η)|0〉,
with U the full time evolution operator, and U0 its free-theory counterpart. We may then use the charge Qn to
evaluate the matrix element, as it is a symmetry of the free theory. Specifically Qn|Ω〉 = QnU
†(−∞, η)U0(−∞, η)|0〉 =
U†(−∞, η)U0(−∞, η)Qn|0〉. The action of Qn on the free vacuum can then by computed from the knowledge that
the Bunch–Davies vacuum wavefunctional is Gaussian. Finally, we use the fact that ζ is time-independent at long-
wavelengths to write the free field in terms of the interacting operator ζ, yielding (4.4).
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correlation function [18], so by focusing on connected correlators (denoted by 〈· · · 〉c) we only have
to account for the linear transformation:
− i〈Ω|δnO|Ω〉c = (n+ 1)
2
(−2i)n+1
N∑
a=1
(
∂n
∂k¯na
+
1
(n+ 1)
k¯a
∂n+1
∂k¯n+1a
− n
4
∫ 0
η
dη′
aH
ka
∂n−1
∂k¯n−1a
)
〈O〉c .
(4.7)
Putting these two pieces together we obtain the Ward identities
lim
q,q¯→0
∂n
∂q¯n
(
1
2Pζ(q, q¯)
〈ζq,q¯O〉c
)
= −
N∑
a=1
(
∂n
∂k¯na
+
1
(n+ 1)
k¯a
∂n+1
∂k¯n+1a
− n
4
∫ 0
η
dη′
aH
ka
∂n−1
∂k¯n−1a
)
〈O〉c .
(4.8)
Typically the most useful form of these identities involves removing the momentum-conserving
delta function, so that the differential operators act on the primed correlators. In this case, the only
difference between the primed and unprimed identities is that we sum only over N −1 momenta on
the right hand side of the identity, and enforce momentum conservation by setting kN = −
∑N−1
a=1 ka,
and similar for k¯N . See Appendix C for more details. Additionally, we will be interested in checking
the Ward identities in the η → 0 limit. In this limit, the final time-dependent term in (4.8) vanishes,
and we are left with13
lim
q,q¯→0
∂n
∂q¯n
(
1
2Pζ(q, q¯)
〈ζq,q¯O〉′c
)
= −
N−1∑
a=1
(
∂n
∂k¯na
+
1
(n+ 1)
k¯a
∂n+1
∂k¯n+1a
)
〈O〉′c . (4.9)
This is the form of the identity we will check for n = 2 in the following Section. Similarly it is
straightforward to show that the anti-holomorphic transformations generated by δ¯n give rise to the
Ward identities:
lim
q,q¯→0
∂n
∂qn
(
1
2Pζ(q, q¯)
〈ζq,q¯O〉′c
)
= −
N−1∑
a=1
(
∂n
∂kna
+
1
(n+ 1)
ka
∂n+1
∂kn+1a
)
〈O〉′c . (4.10)
In order to understand the physical consequence of these Ward identities, it is useful to recall
the translation back into (x, y) coordinates (2.21). As we saw earlier, the δn and δ¯n symmetries
can be combined into a shift where the nonlinear part consists of a shift of the field by a traceless
symmetric matrix of coordinates. The Fourier-space consequence of this symmetry is that the
traceless part of the O(qn) soft limit is constrained in terms of lower point functions. Explicitly, in
Cartesian coordinates, the Ward identities are
lim
~q→0
P i1···in
∂n
∂qi1 · · · ∂qin
(
1
2Pζ(q)
〈ζqO〉′c
)
=− P i1···in
N−1∑
a=1
[
∂n
∂ki1a · · · ∂kina
(4.11)
+
kja
n+ 1
(
δmi1 δ
ℓ
j −
1
2
δi1jδ
ℓm
)
∂n+1
∂kℓa∂k
m
a ∂k
i2
a · · · ∂kina
]
〈O〉′c ,
13Even away from the η → 0 limit, the presence of the tensor symmetries allows us to remove the time-dependent
part of the Ward identity [18].
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where P i1···in is a projector onto symmetric, traceless tensors.
Here we have focused on the soft theorems following from the scalar symmetries, but there should
also be some consequences due to the tensor adiabatic modes uncovered in Sec. 3. Presumably
the identities following from these symmetries will involve insertions of boundary gravitons in
correlation functions. Understanding the details of this would be very interesting.
5 A check of the Ward identities
In this Section we give an example of an explicit check of the Ward identities derived in the previous
Section. We consider the n = 2 identity for the scalar 3-point correlation function in the context of
the effective field theory of inflation, in the limit of small speed of sound cs. This identity relates
the O(q2) component of the squeezed 3-point function to the 2-point function.
5.1 EFT of inflation in D-dimensions
The object we are ultimately interested in is the squeezed limit of the 3-point function for ζ in
(2 + 1)-dimensions. Correlation functions with more than 2 insertions of ζ are somewhat difficult
to compute in 2+1 dimensions because the mode functions are given by Hankel functions of integer
order. Therefore, to make the computation tractable, we compute the squeezed 3-point function in
a variety of even dimensions and “dimensionally continue” to D = 3.
Thus we start with the EFT of inflation [11, 12] in D dimensions. In this picture, inflation
is viewed as a process of spontaneous breaking of time diffeomorphism invariance. In order to
construct the effective theory, we begin by writing down all operators consistent with d-dimensional
time-dependent diffeomorphism invariance14
S =
∫
ddxdt
√−g
(
M
(d−1)
Pl
2
R− c(t)g00 − Λ(t) + M2(t)
2
(δg00)2 +
M3(t)
3!
(δg00)3 + . . .
)
, (5.1)
where δg00 = g00 + 1. We work in ADM variables, where the metric has the decomposition
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
. (5.2)
Variation of the action (5.1) with respect to the lapse and shift yield the background equations,
d(d− 1)
2
M
(d−1)
Pl H
2 = c(t) + Λ(t) ; (5.3)
M
(d−1)
Pl H˙ = −
2
(d− 1)c(t) . (5.4)
These allow us to solve for Λ(t) and c(t).
14In this expression, we have not written explicitly operators which involve the extrinsic curvature because we are
only interested in checking the soft-ζ theorem in a specific case, so we do not need the most general effective theory.
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The broken time diffeomorphism invariance can be restored by means of the Stu¨ckelberg replace-
ment, t 7→ t+ π, leading to the action
S =
∫
ddxdt
√−g
(
M
(d−1)
Pl
2
R+
(d− 1)M (d−1)Pl
2
H˙(Q− 1)− (d− 1)M
(d−1)
Pl
2
(
dH2 + H˙
)
+
M2(t+ π)
2
Q2 +
M3(t+ π)
3!
Q3 + . . .
)
, (5.5)
where
Q = 1−N−2 (1 + π˙ −N i∂iπ)2 + hij∂iπ∂jπ . (5.6)
In principle this action may be used to compute correlation functions of the field π to arbitrary
order in slow-roll by solving the constraints enforced by the lapse and shift.
We are interested only in checking the Ward identities of the previous Section, so we will not do
a fully general computation. Instead we focus on the decoupling limit
MPl →∞ H˙ → 0 M (d−1)Pl H˙ = fixed . (5.7)
In this limit Q greatly simplifies: Q 7→ 1−(1+π˙)2+ 1a2 (∇π)2, and the scale factor is that of de Sitter.
Inserting this expression into (5.5), we obtain the decoupling limit action for the Nambu–Goldstone
field π
S =
∫
ddxdt ad
[
(d− 1)M (d−1)Pl
2
H˙
(
−(1 + π˙)2 + 1
a2
(∇π)2
)
+
M2
2
(
1− (1 + π˙)2 + 1
a2
(∇π)2
)2
+
M3
3!
(
1− (1 + π˙)2 + 1
a2
(∇π)2
)3
+ . . .
]
. (5.8)
Our interest is in computing the 3-point function for π, so we expand this action to cubic order in
π. Defining the sound speed of perturbations by
c−2s ≡ 1−
4M2
(d− 1)M (d−1)Pl H˙
, (5.9)
the cubic action takes the following form
S = −(d− 1)M
(d−1)
Pl H˙
2c2s
∫
ddxdt ad
(
π˙2 − c
2
s
a2
(∇π)2 + (1− c2s)
[(
1− 2M3
3M2
)
π˙3 − 1
a2
π˙(∇π)2
])
.
The soft theorems that we have derived should hold for any choice of the parameters M2,M3 in
this action. Therefore, for simplicity we set M3 = 3M2/2, so that the π˙
3 term drops out of the
cubic action. We are left then with a single vertex ∼ π˙(∇π)2:
S = −(d− 1)M
(d−1)
Pl H˙
2c2s
∫
ddxdt ad
(
π˙2 − c
2
s
a2
(∇π)2 + (c2s − 1)
1
a2
π˙(∇π)2
)
. (5.10)
15
5.2 Mode functions and power spectrum
We first derive the mode functions and power spectrum for the field π. In terms of the canonically-
normalized field
vk =
(
(d− 1)M (d−1)Pl H2ǫ
c2s
)1/2
a
d−1
2 πk , (5.11)
the quadratic equation of motion is
v′′k +
(
c2sk
2 − 1
η2
[(
d
2
)2
− 1
4
])
vk = 0 . (5.12)
With the adiabatic vacuum initial conditions limk→∞ vk ≃ e−icskη√2csk , the solution is a Hankel function
of order d/2:
vk(η) =
π1/2e
−(d+1)ipi
4
2
(−η)1/2H(1)d/2(−cskη) . (5.13)
At long wavelengths (kη → 0), the power spectrum for the curvature perturbation, ζ = −Hπ, is
then given by
〈ζkζk〉′ = Pζ(k) =
2d−2Hd−1Γ
[
d
2
]2
(d− 1)πMd−1Pl cd−2s ǫ
1
kd
. (5.14)
5.3 Squeezed limit of the 3-point function
In order to check the identities (4.9), we need the squeezed limit of the 3-point function. It ends
up being most convenient to compute the squeezed limit directly, rather than computing the full
answer. The interaction Hamiltonian derived from the action (5.10) is given by
Hint. = −
(d− 1)Md−1Pl H2ǫ
2
(
1− c−2s
) ∫
d3x ad−2π′(∇π)2 . (5.15)
Following standard techniques, we arrive at the following integral expression for the 〈π3〉 correlator
〈πk1πk2πk3〉′ = (d− 1)Md−1Pl H2ǫ(~k2 · ~k3)Im
{
π∗k1(η)π
∗
k2(η)π
∗
k3(η)
∫ 0
∞+
dη˜
1
(−Hη˜)d−2π
′
k1(η˜)πk2(η˜)πk3(η˜)
}
+ 5 perms. (5.16)
The squeezed limit may be taken directly in this integral. At leading order in ~k1 → 0, this
corresponds to setting ~k2 · ~k3 = −k22 − ~k1 · ~k2 and k3 = k2 +
~k1·~k2
k2
. When d is even, this expression
involves an integral over Hankel functions of integer order. In particular this includes the case of
interest, d = 2. Such expressions are difficult to integrate analytically. Therefore, we compute
the squeezed limit in a somewhat indirect manner: we compute the squeezed 3-point function in
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a variety of cases where d is odd in order to extract the expression in general dimension.15 After
converting to ζ, we find the squeezed limit is given by (to leading nontrivial order)
lim
k1→0
〈ζk1ζk2ζk3〉′ =
(D − 1)
3
Pζ(k1)Pζ(k2)(1 − c−2s )
(
(D − 2)k
2
1
k22
− (D − 3)(D + 1)
4
(~k1 · ~k2)2
k42
)
.
(5.17)
Note that in D = 3, the (~k1 ·~k2)2 piece vanishes. We will see that this is precisely what is required
to satisfy the n = 2 Ward identity.
5.4 Checking the n = 2 identity
Now that we have the squeezed limit to order q2, we can use this to check some of the identities (4.9).
Rewriting the squeezed limit (5.17) in D = 3 and in k, k¯ variables, we have
lim
q,q¯→0
1
2Pζ(q, q¯)
〈ζq,q¯ζk2,k¯2ζk3,k¯3〉′ =
(1− c−2s )Pζ(k2, k¯2)
3
qq¯
k2k¯2
+ . . . (5.18)
Meanwhile, the power spectrum for ζ in D = 3 is given by
〈ζk,k¯ζk,k¯〉′ =
H
πǫMPl
1
kk¯
. (5.19)
As a first check, we can see that the squeezed limit (5.18) vanishes up to O(q2). This implies that
the 2-point function is annihilated by δ0 and δ1 (and their conjugates). Using the form (4.9) it is
straightforward to check that this is the case. At O(q2), the n = 2 identity reads
lim
q,q¯→0
∂2
∂q¯2
(
1
2Pζ(q, q¯)
〈ζq,q¯ζk2,k¯2ζk3,k¯3〉
)
= −
(
∂2
∂k¯2
+
1
3
k¯
∂3
∂k¯3
)
〈ζk,k¯ζk,k¯〉′ . (5.20)
From (5.18) we see that the left hand side vanishes — there is no q¯2 or q2 piece. This implies that
the right hand side should also vanish. It is straightforward to check that the operator appearing on
the right hand side of (5.20) annihilates the two point function (as does the corresponding operator
for δ¯2), so the n = 2 relation is satisfied.
6 Conclusions
We have investigated how the asymptotic symmetry group of three dimensional de Sitter space
acts on correlation functions during inflation. The infinite number of asymptotic symmetry trans-
formations are in one-to-one correspondence with the adiabatic modes which generate nontrivial
backgrounds for the curvature perturbation, ζ. These nonlinearly realized symmetries lead to soft
15We of course have to assume that this expression continues to be correct in d = 2. It would be preferable to
compute the bispectrum directly in d = 2.
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theorems which partially restrict the form of correlation functions in the soft limit – where one of
the momenta is taken to be smaller than the others – at each order in the soft momentum. We
have provided an initial check of these identities, including the first novel identity not present in
higher-dimensional versions of inflation.
Looking forward, there are a number of interesting directions to pursue. Our analysis reinforces
the notion that there is a close relationship between the asymptotic symmetries of a space-time,
cosmological adiabatic modes, and soft theorems. It appears that the asymptotic symmetries are
precisely those transformations which lead to physical soft insertions of the metric – precisely what
adiabatic modes are. It has been shown that higher-dimensional inflation possesses an infinite
number of adiabatic modes [14], with corresponding Ward identities [18]. It would be interesting to
understand these symmetries more directly in the language of asymptotic symmetries (see [31] for
some work in this direction). Further, the non-linearly realized components of the four-dimensional
symmetries are similar to the ones discussed in this note: they consist of traceless polynomials in
the coordinates. It would be interesting to understand the relationship between these two sets of
symmetries, perhaps through dimensional reduction.
Staying within the realm of three dimensional inflation there are also a number of intriguing
directions to pursue. It has long been known that three-dimensional gravity possesses a formulation
as a Chern–Simons theory with SL(2,R)×SL(2,R) gauge group [73, 74]. It would be very interesting
to consider inflation from this perspective, as opposed to the metic formulation we have used here. It
may also be interesting to consider generalizations of the identities we have considered, for example
to multiple soft external legs, along the lines of [32, 33]. In [10], the EFT of holographic RG flows
was considered, which is essentially inflation on its side; it would be interesting to understand
whether the soft theorems for the dilaton have any important consequences in that setup.
Additionally, we have focused primarily on the dynamics and Ward identities of the curvature
perturbation itself; it should be possible to extend these arguments to include correlation functions
of spectator fields during inflation. Since the vacuum is only invariant under the global SL(2,C)
subgroup of the Virasoro symmetries, we expect that correlation functions of spectator fields will
only be annihilated by δ−1, δ0, δ1 and their conjugates (indeed, this can be explicitly checked). The
higher Virasoro symmetries correspond to insertions of “boundary gravitons,” which correspond to
insertions of moments of the stress tensor in the dual CFT, leading to a late-time identity of the
form (see also [75])
〈Lnφ(z1)φ(z2) · · ·φ(zN )〉 = −
N∑
a=1
(
(n + 1)∆a
2
zna + z
n+1
a
)
〈φ(z1)φ(z2) · · ·φ(zN )〉 , (6.1)
where Ln is the operator which generates the vector field ℓn on the boundary, za are points on the
future boundary, and ∆ is set by the mass of the field φ through ∆ = 1 −
√
1− m
2
φ
H2
. It would be
interesting to derive the identity (6.1) directly from the bulk physics, and check it on multi-field
correlators. Similarly, it would be interesting to investigate the consequences of the purely tensor
adiabatic modes and elucidate their relation to non-Brown–Henneaux boundary conditions.
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Three-dimensional inflation provides a simplified arena in which to explore the relationship be-
tween adiabatic modes, asymptotic symmetries, and soft theorems in the context of cosmology.
Aside from being of interest in their own right, we hope that the lessons abstracted from this
situation may be usefully applied to gain a better understanding of these phenomena in higher
dimensions.
Acknowledgements: We thank Paolo Creminelli, Wayne Hu, Lam Hui, Emil Martinec, Rachel
Rosen, Marko Simonovic´ and Junpu Wang for helpful discussions. We would like to thank the Sitka
Sound Science Center for hospitality while some of this work was completed (A.J. & K.H.). This
work was supported in part by NASA ATP grant NNX16AB27G, National Science Foundation
Grant No. PHYS-1066293 and the hospitality of the Aspen Center for Physics, and also by the
Kavli Institute for Cosmological Physics at the University of Chicago through grant NSF PHY-
1125897, an endowment from the Kavli Foundation and its founder Fred Kavli, and by the Robert
R. McCormick Postdoctoral Fellowship (A.J.). J.K. is supported in part by NSF CAREER Award
PHY-1145525.
A Complex coordinates
In two spatial dimensions, it is often useful to work in terms of complexified coordinates,
z = x+ iy , z¯ = x− iy . (A.1)
In these coordinates, the non-zero metric components are
gzz¯ = gz¯z =
1
2
, gzz¯ = gz¯z = 2 , (A.2)
so there are sometimes hidden factors of 2 to account for. A contravariant vector vi is split into
complex components according to
vz = vx + ivy ; vz¯ = vx − ivy ; vz = 1
2
(vx − ivy) ; vz¯ = 1
2
(vx + ivy) . (A.3)
For vectors, we will often define v ≡ vz and v¯ ≡ vz¯. With this convention, the Cartesian dot
product translated to complex coordinates is given by ~a ·~b = 12 (ab¯+ a¯b). Derivative operators are
∂ ≡ ∂z = 1
2
(∂x − i∂y), ∂¯ ≡ ∂z¯ = 1
2
(∂x + i∂y) . (A.4)
This definition implies that ∇2 = δij∂i∂j = 4∂∂¯. For many applications we work in Fourier space.
This is obtained by implementing the above coordinate change in the Cartesian Fourier transform:
f(~x) =
∫
d2k
(2π)2
e−i
~k·~xf˜(~k) ⇔ f(z, z¯) = 1
2
∫
dkdk¯
(2π)2
e−
i
2
(kz¯+k¯z)f˜(k, k¯) . (A.5)
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B Constraint equations in (d+ 1)-dimensions
In section 3, in order to construct the adiabatic modes corresponding to the ζ symmetries, we
required the explicit solutions for the constraint equations implied by the lapse and shift variables
in (2 + 1) dimensions. In this Appendix, we derive the relevant constraint equations and their
solutions. We work in general dimension (d is the number of spatial dimensions) and specialize to
the case of interest at the end.
Consider the Einstein–Hilbert action in (d + 1)-dimensions coupled to a P (X,φ) theory, where
X ≡ −12(∂φ)2,
S =
1
2
∫
dd+1x
√−g
(
M
(d−1)
Pl R+ 2P (X,φ)
)
. (B.1)
In terms of ADM variables, where the line element is given by
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (B.2)
and using the decomposition of the Ricci scalar, R = R(d) + KijKij − K2, where the extrinsic
curvature is
Kij =
1
N
Eij =
1
2N
(
h˙ij −∇iNj −∇jNi
)
, (B.3)
the action takes the following form
S =
M
(d−1)
Pl
2
∫
dd+1x
√
hN
[
R(d) +N−2
(
EijE
j
i − E2
)
+ 2P
(
1
2N2
(φ˙−N i∂iφ)2 − 1
2
(∇φ)2, φ
)]
.
(B.4)
We are interested in perturbations about FRW backgrounds with homogeneous field profiles (φ =
φ(t)). Furthermore we choose ζ-gauge, defined by
δφ = 0 , hij = a
2e2ζ(eγ)ij ; γ
i
i = ∂iγ
ij = 0 . (B.5)
We focus on the scalar sector, setting γij = 0. Varying the action (B.4) with respect to N , we
obtain the Hamiltonian constraint
R(d) −N−2
(
EijE
j
i − E2
)
+ 2P − 4XP,X = 0 , (B.6)
and varying with respect to the shift, we obtain the momentum constraint:
∇i
[
N−1
(
Eij − Eδij
)]
= 0 . (B.7)
We define the first order perturbations of the lapse and shift through
N = 1 +N (1) ; N i = NTi + ∂iψ . (B.8)
Inserting the gauge choice (B.5), the constraint equations at first order in the perturbations read
(d− 1)∂i
(
HN (1) − ζ˙
)
− 1
2
a−2∇2NTi = 0 ; (B.9)
− 2(d − 1)a−2∂i
(
∂iζ +H∂iψ
)
+
2(d− 1)H2ǫ
c2s
N (1) − 2d(d− 1)H
(
HN (1) − ζ˙
)
= 0 . (B.10)
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The momentum constraint (B.9) is solved by
N (1) =
ζ˙
H
; NTi = 0 , (B.11)
we can then plug this into the Hamiltonian constraint (B.10) to obtain:
a−2∇2ζ +Ha−2∇2ψ − Hǫ
c2s
ζ˙ = 0 . (B.12)
This can be formally inverted to obtain
N
(1)
i = ∂iψ ; ψ = −
ζ
H
+
a2ǫ
c2s
1
∇2 ζ˙ . (B.13)
Specializing to d = 2 and writing in terms of conformal time then yields (3.9).
C Symmetry transformations in Fourier space
In the text, we utilize the action of the asymptotic symmetries on fields in Fourier space. In this
Appendix, we derive these expression for the symmetry variations. We only need consider the linear
transformation of the fields under the asymptotic symmetries:
δnφ = −
(
(n+ 1)∆
2
zn + zn+1∂
)
φ , (C.1)
where the linear transformation of ζ corresponds to a ∆ = 0 field. We can then derive the trans-
formation rules by going to Fourier space using (A.5)
δnφ = −
(
(n+ 1)∆
2
zn + zn+1∂
)
1
2
∫
dkdk¯
(2π)2
e−
i
2
(kz¯+k¯z)φk,k¯
= −(2i)
n
2
∫
dkdk¯
(2π)2
φk,k¯
(
(n + 1)∆
2
∂n
∂k¯n
+ k¯
∂n+1
∂k¯n+1
)
e−
i
2
(kz¯+k¯z) (C.2)
= −(n+ 1)(−2i)
n
2
∫
dkdk¯
(2π)2
e−
i
2
(kz¯+k¯z)
((
∆
2
− 1
)
∂n
∂k¯n
− 1
(n + 1)
k¯
∂n+1
∂k¯n+1
)
φk,k¯ ,
which then implies the Fourier space transformation rule
δnφk,k¯ = (n+ 1)(−2i)n
((
1− ∆
2
)
∂n
∂k¯n
+
1
(n+ 1)
k¯
∂n+1
∂k¯n+1
)
φk,k¯ . (C.3)
Action on correlators: Typically we will be interested in the variation of correlation functions
under the symmetries (C.3). This bring with it an additional subtlety, a general correlation function
is of the form16
〈O1(k1, k¯1) · · · ON (kN k¯N )〉 = 4(2π)2δ(Σaka)δ(Σak¯a)〈O1(k1, k¯1) · · · ON (kN k¯N )〉′ , (C.4)
16Note that δ(Σa~ka) = 4δ(Σaka + k¯a)δ(Σaka − k¯a) = 4δ(Σaka)δ(Σak¯a).
21
and generally the operators (C.3) will also hit the delta function outside the correlator which
enforces momentum conservation. It is therefore desirable to write identities directly in terms of
the primed correlation functions. The problem of commuting differential operators of this type
through delta functions has been considered very carefully in [30] and we can apply their results
more or less directly to the case of interest. The essential point is that in the final Ward identities,
the contributions from operators hitting the delta function are always proportional to lower-order
identities, and therefore vanish.
Therefore, the effective result of commuting through the delta function is that the operators
act only on N − 1 of the momenta in the correlation function (as the delta function restricts
kN = −Σaka) so that the operators take the form:
δn〈O1 · · · ON 〉′ = (n+1)(−2i)n
(
−δn0∆N
2
+
N−1∑
a=1
[(
1− ∆a
2
)
∂n
∂k¯n
+
1
(n+ 1)
k¯
∂n+1
∂k¯n+1
])
〈O1 · · · ON 〉′ .
(C.5)
The only subtlety is that in the n = 0 case we must subtract the conformal weights of all the
operators. Beyond that, the identities for full correlators can be written for primed correlators
by specializing to the locus in momentum space where the delta function is satisfied. The other
operators which arise in the text, ∂
n
∂qn and k
∂n−1
∂k¯n−1
can be commuted through the delta function in
the same way.
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